Let m, k 1 , and k 2 be three integers with m ≥ 2. For any set A ⊆ Z m and n ∈ Z m , letr k 1 ,k 2 (A, n) denote the number of solutions of the equation n = k 1 a 1 + k 2 a 2 with a 1 , a 2 ∈ A. In this paper, using exponential sums, we characterize all m, k 1 , k 2 , and A for whicĥ
Introduction
Let N be the set of nonnegative integers. For a set A ⊆ N, let R 1 (A, n), R 2 (A, n), R 3 (A, n) denote the number of solutions of a + a ′ = n, a, a ′ ∈ A; i ∈ {1, 2, 3}, Sárközy asked ever whether there are sets A and B with infinite symmetric difference such that R i (A, n) = R i (B, n) for all sufficiently large integers n. It is known that the answer is negative for i = 1 (see Dombi [4] ) and the answer is positive for i = 2, 3 (see Dombi [4] , Chen and Wang [3] ).
In fact, Dombi [4] for i = 2 and Chen and Wang [3] for i = 3 proved that there exists a set A ⊆ N such that R i (A, n) = R i (N \ A, n) for all n ≥ n 0 .
Lev (see [5] ) gave a simple common proof to the results by Dombi [4] and Chen and Wang [3] . Finally, using generating functions, Sándor [6] gave a complete answer by using generating functions, and later Tang [7] gave an elementary proof. For related research, one may refer to [1] and [2] . For a positive integer m, let Z m be the set of residue classes modulo m. For the modular version, the first author and Chen [8] proved that if and only if
For any given two positive integers k 1 , k 2 and any set A of nonnegative integers, let r k 1 ,k 2 (A, n) denote the number of solutions of the equation n = k 1 a 1 + k 2 a 2 with a 1 , a 2 ∈ A. Recently, the authors [9] proved that there exists a set A ⊆ N such that r k 1 ,k 2 (A, n) = r k 1 ,k 2 (N \ A, n) for all sufficiently large integers n if and only if k 1 | k 2 and k 2 > k 1 .
For any given t integers k 1 , · · · , k t , and any set A ⊆ Z m and n ∈ Z m , letr k 1 ,··· ,kt (A, n) denote the number of solutions of the equation n = k 1 a 1 + · · ·+k t a t with a 1 , . . . , a t ∈ A. In this paper, we prove the following theorem.
Theorem 1. Let m, k 1 , and k 2 be three integers with m ≥ 2, and let A ⊆
Corollary 1. Let m, k 1 , and k 2 be three integers with m ≥ 2. Then there
if and only if m is even and one of the following statements is true:
(i) k 1 and k 2 have the same parity;
(ii) k 1 and k 2 have the different parities with
Motivated by Lev [5] and the authors [9] , we now pose the following problems for further research.
Problem 1. For any given two integers k 1 and k 2 , determine all pairs of
Proofs
For T ⊆ Z m and x ∈ Z m , let
for all n ∈ Z m .
In order to prove Theorem 1, we need the following Lemmas.
holds for all n ∈ Z m , then we have
Hence we get |A| = |B|, that is, m is even and |A| = m/2.
Proof. Since m | k i x(i = 1, 2), it follows that
Thus g A (x) = |A| 2 − |B| 2 . By |A| = m/2 we have |B| = m/2. Therefore, 
It follows thatr
is equivalent to
Suppose that (2) holds for all n ∈ Z m . Then (3) holds for all n ∈ Z m .
Thus
for all n ∈ Z m . Let
From (4), we have
Thus the summation of two sides of (5) is
(say). By (5) we have
for all integers n. In particular,
for all integers n. That is,
for all integers n. Thus
for all integers n 1 and n 2 . Since (
for all integers u 1 and u 2 . So A is uniformly distributed modulo d
Conversely, suppose that A is uniformly distributed modulo d
for all integers n. Since (k
for all integers n. Similarly, we have
for all integers n. Since A is uniformly distributed modulo d
Similarly, we have
for all integers n. By (12), (13), and (14), we see that (4) holds for all integers n. That is, (3) holds for all integers n with d 3 |n.
holds trivially. So (3) holds for all n ∈ Z m . Therefore, (2) 
